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In a scenario with two almost mass degenerate heavy sterile Majorana neutrinos with a mass ∼ 1
GeV, we present the semileptonic decay widths of heavy charged pseudoscalars such as B mesons,
either lepton-number-violating (B± → µ±e±pi∓), or lepton-number-conserving (B± → µ±e∓pi±),
mediated by such on-shell neutrinos. It had been explained in the literature that such decays may be
eventually detected, and that they can present even detectable CP violation effects. In this work we
point out that, in addition, such decays may present detectable effects of heavy neutrino oscillation,
allowing us to extract the oscillation length and thus the heavy neutrino mass difference ∆MN , as
well as a CP-violating Majorana phase.
PACS numbers: 14.60St, 11.30Er, 13.20Cz
I. INTRODUCTION
The neutrinos can be either Majorana or Dirac particles, although most of the neutrino scenarios suggest that the
neutrinos are Majorana particles. In this work we will assume that they are Majorana. As a consequence, they can
induce not just lepton number conserving (LNC) but also lepton number violating (LNV) processes. Such processes
are neutrinoless double beta decays in nuclei [1], specific scattering processes [2–6] and rare meson decays [7–15].
For neutrinos with masses, neutrino oscillations were predicted some time ago [16]. Oscillations of active (light)
neutrinos were later observed [17–19], with the conclusion that the first three neutrinos have nonzero but light masses
. 1 eV. The oscillations are sensitive only to mass differences, while neutrinoless double beta decays and rare meson
decays can help with the determination of the absolute mass of the light Majorana neutrinos. The best present upper
bounds on the absolute masses of the light neutrinos are obtained from cosmology mν & 0.23 eV [20].
The light neutrino masses can be produced via the seesaw mechanism [21] where more than three neutrino flavors are
required and where all of them are Majorana. The light neutrinos in these seesaw scenarios have masses ∼M2D/MR
(. 1 eV), with MD being an electroweak scale or lower; the heavy neutrinos are very heavy, with masses MR  1
TeV, their mixing with active neutrino flavors being very suppressed ∼MD/MR ( 1). Other seesaw scenarios exist
where the heavy neutrinos have lower masses MN . 1 TeV, Refs. [22], and even MN . 1 GeV [3, 23–27]; their mixing
with the standard model flavors may be less suppressed than in the original scenarios.
CP violation in the neutrino sector in scenarios with nearly degenerate heavy neutrino masses had been investigated
in scattering processes in the literature [28] (resonant CP violation), as an effect coming from the interference of
tree-level with one-loop effects from the neutrino propagators. Further, CP violation in the leptonic [12, 15] and
semileptonic meson decays [13–15] was investigated with a simpler, effectively tree-level, formalism and again in
scenarios with nearly degenerate on-shell heavy neutrino masses, and where the decay width matrix of the massive
neutrinos was assumed to be diagonal.
Scenarios with nearly degenerate heavy neutrino masses (and CP violation effects) appear in various models, in
particular in the neutrino minimal standard model (νMSM) [23, 29] where these neutrinos generate baryon asymmetry
of the Universe while an additional lighter neutrino (with mass ∼ 101 keV) is responsible for the dark matter. Some
general frameworks of low-scale seesaw [30, 31] with more than two heavy neutrinos can also explain the baryon
asymmetry (but not the dark matter) and can have larger values of the heavy-light mixing than in νMSM. In such
models the almost mass degeneracy of Majorana neutrinos is preferred in the sense that it allows larger heavy-light
mixings.
In this work we discuss neutrino oscillations in semileptonic decays of heavy pseudoscalar mesons (such as B, Bc,
Ds) mediated by two on-shell Majorana neutrinos Nj (j = 1, 2) which are almost mass degenerate. Similar effects
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2have been investigated recently in leptonic decays of such mesons, in Ref. [9], where a quantum field theoretical
generalization of the Wigner-Weisskopf approach [32] was implemented and used. Our approach is simpler, and the
results obtained are hopefully easier to interpret.
In Sec. II we present the results for the decay widths Γ and the effective decay widths Γeff for the considered meson
LNV semileptonic decay processes B± → µ±Nj → µ±e±pi∓ and their LNC counterparts B± → µ±Nj → µ±e∓pi±, in
the scenario with two on-shell almost mass degenerate heavy neutrinos Nj , all without the neutrino oscillation effects.
Further, we also include the differential effective decay width dΓeff(L)/dL for such processes, where L is the distance
between the production (ν-Nj) vertex and the decay vertex (Nj-e-pi). In Sec. III we then extend these expressions by
including the oscillation effects of the on-shell neutrinos. In Appendix A we show the consistency of the oscillation
amplitude method applied in Sec. III with the more usual quantum mechanics approach to oscillations. In Sec. IV we
then estimate numerically the oscillation length and describe the conditions under which the oscillation modulation
of the differential effective decay width dΓeff(L)/dL can be measured. In Sec. V we indicate how the magnitudes
|B`Nj | of the heavy-light mixing parameters may be determined by such measurements. In Sec. VI we summarize our
results.
II. THE DECAY WIDTH EXPRESSION
In this section we present formulas for the LNV and LNC semileptonic decays of charged B mesons, of the type
B → µepi, mediated by heavy sterile on-shell neutrinos. The formulas for the decay width of the LNV decays of this
type, B± → µ±e±pi∓, in the case one heavy neutrino, were presented in Ref. [10]. They were extended to the case of
two almost degenerate heavy on-shell neutrinos in Ref. [13] (see also Ref. [14]), in the context of CP violation. For a
review we refer to [15]. We will use these formulas, and also the formulas for the decay width of the LNC decays of
this type, B± → µ±e∓pi±.
There exist various scenarios with sterile neutrinos. Of particular interest is the νMSM of Shaposhnikov et al.,
Refs. [23, 29]. This model contains two almost degenerate Majorana neutrinos Nj (j = 1, 2) of mass ∼ 1 GeV and
another lighter neutrino νK of mass ∼ 101 keV, as well as the three light neutrinos νj of mass . 1 eV. The striking
advantage of this model is that it can explain simultaneously the existence of neutrino oscillations, dark matter
and baryon asymmetry of the Universe. We also wish to point out that there exist more general (less constrained)
frameworks of the low-scale seesaw, which explain baryon asymmetry but not the dark matter. In such models, larger
values of the heavy-light mixing [30] are allowed than in νMSM, and the case of almost mass degeneracy of Majorana
neutrinos is preferred [31] since it allows larger mixings.
The two flavor neutrinos νe and νµ (` = e, µ, τ) can be represented as
νe =
3∑
j=1
Bejνj +BeN1N1 +BeN2N2 + . . . , (1a)
νµ =
3∑
j=1
Bµjνj +BµN1N1 +BµN2N2 + . . . . (1b)
The coupling of these two flavor neutrinos to the corresponding charged leptons e± and µ± has a part which contains
the coupling to the heavy almost mass-degenerate neutrinos N1 and N2
LeWN = g
2
√
2
[
ψ(e) /WL (BeN1N1 +BeN2N2) + h.c.
]
= K1
g
2
√
2
ψ(e) /WLN1 + h.c. (2a)
LµWN = g
2
√
2
[
ψ(µ) /WL (BµN1N1 +BµN2N2) + h.c.
]
= K2
g
2
√
2
ψ(µ) /WLN2 + h.c., (2b)
where we denoted by N1 and N2 the e- and µ-flavor analogs of the heavy neutrino mass eigenfields Nj (j = 1, 2)
N1 = B11N1 +B12N2
N2 = B21N1 +B22N2 (3a)
Bαk ≡ 1
Kα
Bαk, Kα ≡
√
|Bα1|2 + |Bα2|2 (α, k = 1, 2), (3b)
where in Bαk the coefficients α = 1, 2 stand for e, µ, respectively; and k = 1, 2 for N1, N2, respectively. The considered
mechanisms for the LNV decays B± → µ±e±pi∓, with on-shell Nj ’s (j = 1, 2), are those in Fig. 1; for the LNC decays,
B± → µ±e∓pi± are those in Fig. 2. Although the LNV decays have also the crossed channel (i.e., the ones where the
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FIG. 1: The LNV decay B+ → µ+e+pi− via exchange of an on-shell neutrino Nj (j = 1, 2).
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FIG. 2: The LNC decay B+ → µ+e−pi+ via exchange of an on-shell neutrino Nj (j = 1, 2).
vertices of µ and e are exchanged), we assume here that the measurements can distinguish these two channels (since
µ 6= e), by reconstructing invariant masses from the detected final state particles.
For these processes, we will consider the scenarios where the two heavy neutrinos N1 and N2 are almost mass-
degenerate (∆MN  MN ≡ MN1) and are on shell. We will consider only the neutrino couplings (2), with no
components of the other mass eigenfields (thus no light mass eigenfields ν1, ν2, ν3), because we will assume that N1
and N2 are the only neutrinos which are on shell in these processes. This is then reflected in our definition of “heavy”
flavor states Nj , Eq. (3a). We stress that neutrinos which are off shell in these processes give, in relative terms,
completely negligible contributions and will thus be ignored.
In the more general case of the LNV decay M± → `±1 N → `±1 `±2 M
′∓ (`j = e, µ, τ ; M and M
′
pseudoscalars), with
`1 6= `2 and neutrino N on shell, the corresponding partial widths can be written as
Γ(M± → `±1 N → `±1 `±2 M
′∓) = |B`1N |2|B`2N |2 Γ˜ (`1 6= `2), (4)
where
Γ˜ =
K2M5M
64pi2
MN
ΓN
λ1/2(1, yN , y`1) λ
1/2
(
1,
y
′
yN
,
y`2
yN
)
Q(yN ; y`1 , y`2 , y
′
) , (5)
and the notations used in Eq. (5) are
K2 = G4F f
2
Mf
2
M ′ |VQuQdVquqd |2 , (6a)
λ(y1, y2, y3) = y
2
1 + y
2
2 + y
2
3 − 2y1y2 − 2y2y3 − 2y3y1 , (6b)
yN =
M2N
M2M
, y`s =
M2`s
M2M
, y
′
=
M2M ′
M2M
, (`s = `1, `2) , (6c)
and the function Q(yN ; y`1 , y`2 , y
′
) is (cf. Ref. [13])
Q(yN ; y`1 , y`2 , y
′) =
{
1
2
(yN − y`1)(yN − y`2)(1− yN − y`1)
(
1− y
′
yN
+
y`2
yN
)
+
[− y`1y`2(1 + y′ + 2yN − y`1 − y`2)− y2`1(yN − y′) + y2`2(1− yN )
+y`1(1 + yN )(yN − y′)− y`2(1− yN )(yN + y′)
]}
. (7a)
=
1
2
[(1− yN )yN + y`1(1 + 2yN − y`1)]
[
yN − y′ − 2y`2 −
y`2
yN
(y′ − y`2)
]
(7b)
4In Eq. (6a), fM and fM ′ are the decay constants, and VQuQd and Vquqd are the Cabibbo-Kobayashi-Maskawa (CKM)
matrix elements of pseudoscalars M± and M
′∓.
We notice that in the considered specific case (`1 = µ and `2 = e) we have y`1 ≈ y`2 ≈ 0, and expression (7)
simplifies according to
Q(yN ; y`1 , y`2 , y
′) ≈ Q(yN ; 0, 0, y′) = 1
2
[yN (1− yN )] [yN − y′] . (8)
The results (4)-(7) can be written in an equivalent form
Γ(M± → `±1 N → `±1 `±2 M
′∓) =
1
ΓN
Γ(M± → `±1 N)Γ(N → `±2 M
′∓) (`1 6= `2), (9)
where the widths of the two decays are
Γ(M± → `±1 N) = |B`1N |2Γ(M± → `±1 N), (10a)
Γ(N → `±2 M
′∓) = |B`2N |2Γ(N → `±2 M
′∓), (10b)
and the expressions for the corresponding canonical widths Γ (i.e., widths without the mixing factors) are
Γ(M± → `±1 N) =
1
8pi
G2F f
2
M |VQuQd |2M3M λ1/2(1, yN , y`1) [(1− yN )yN + y`1(1 + 2yN − y`1)] , (11a)
Γ(N → `±2 M
′∓) =
1
16pi
G2F f
2
M ′ |Vquqd |2
1
MN
λ1/2
(
1,
y
′
yN
,
y`2
yN
)[
(M2N +M
2
`2)(M
2
N −M2M ′ +M2`2)− 4M2NM2`2
]
=
1
16pi
G2F f
2
M ′ |Vquqd |2M2MMN λ1/2
(
1,
y
′
yN
,
y`2
yN
)[
yN − y′ − 2y`2 −
y`2
yN
(y′ − y`2)
]
, (11b)
where again the notations (6) were used. We notice that the algebraic factorization of the Q function, Eq. (7b), yields
the factorization (9), as can be seen by inspection of the expressions (11a) and (11b).
It can be checked that the result for the LNC processes M± → `±1 N → `±1 `∓2 M
′± is the same as the result (9)-(10)
Γ(M± → `±1 N → `±1 `∓2 M
′±) =
1
ΓN
Γ(M± → `±1 N)Γ(N → `∓2 M
′±) (12a)
=
|B`1N |2|B`2N |2
ΓN
Γ(M+ → `+1 N)Γ(N → `+2 M
′−) (`1 6= `2), (12b)
where the canonical decay widths (Γ’s) are again those of Eq. (11).
We recall that we will consider the scenario with two on-shell neutrinos Nj (j = 1, 2), and with almost degenerate
masses: |∆MN | MN1 , where ∆MN ≡MN2 −MN1 . In this case, it turns out that the expression for the LNV decay
width becomes more complicated, cf. Ref. [13]. With the notation (2) for the mixing coefficients, it can be written in
the following form:
Γ(B± → µ±e±pi∓) = Γ(B+ → µ+N)Γ(N → e+pi−)× { |BµN1 |2|BeN1 |2
ΓN1
+ +
|BµN2 |2|BeN2 |2
ΓN2
+
4
(ΓN1 + ΓN2)
|BµN1 ||BeN1 ||BµN2 ||BeN2 |
(
δ(y) cos θ
(LNV)
21 ∓
η(y)
y
sin θ
(LNV)
21
)}
, (13)
where MN ≡MN1 ≈MN2 , the angle θ21(LNV) is a combination of the phases of the heavy-light mixing coefficients
θ
(LNV)
21 = arg(BµN2) + arg(BeN2)− arg(BµN1)− arg(BeN1). (14)
The functions δ(y) and η(y)/y appearing in Eq. (13) are functions of the parameter y ≡ ∆MN/ΓN only, where ΓN is
the arithmetic average of the total decay widths of N1 and N2
1
ΓN =
1
2
(ΓN1 + ΓN2) , y ≡
∆MN
ΓN
, (15)
1 For simplicity we assume that the (2 × 2) decay width matrix (ΓN )ij of the (near mass degenerate) neutrinos N1 and N2 has no (or
negligible) off-diagonal element [(ΓN )12]. This assumption was also taken in Refs. [12–15].
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FIG. 3: The suppression factors η(y)/y and δ(y) as a function of y ≡ ∆MN/ΓN : (a) for 0 < y < 1 (on the linear y scale); (b) for
1 < y < 10 (on the logarithmic y scale). Figures taken from Refs. [13, 15]. For y < 0 we have δ(y) = δ(−y) and η(y) = η(−y).
and the functions are presented in Fig. 3 for y > 0. It is straightforward to verify that the invariance of expression
(13) under the exchange of the roles of N1 and N2 means that for y < 0 we have δ(y) = δ(−y) and η(y) = η(−y).
The factors (functions) δ(y) and η(y)/y represent the effects of the N1-N2 overlap in the decay width, in the real and
imaginary parts of the N1-N2 interference terms, respectively. Therefore, δ(y) and η(y)/y go to zero when |y|  1,
i.e., when no overlap. While both the δ(y) and the η(y)/y function were obtained in Ref. [13] numerically, it can
be argued that η(y)/y is a simple function [15], η(y)/y = y/(y2 + 1), and this agrees with the numerical results of
Ref. [13]. For details, we refer to Refs. [13, 15].
Finally, the expressions for the total decay widths ΓN1 and ΓN2 appearing in Eq. (13) are
ΓNj = K˜jΓN (MN ) , (16)
where we denote MN = MN1 ≈MN2 and
ΓN (MN ) ≡ G
2
FM
5
N
96pi3
, (17)
and the factors K˜j ∼ |B`Nj |2 (j = 1, 2) contain all the dependence on the heavy-light mixing factors
K˜j = NeN |BeNj |2 +NµN |BµNj |2 +NτN |BτNj |2 . (18)
In this expression, the coefficient functions N`N (MN ) ≡ N`N (` = e, µ, τ) depend only on the mass MN of the neutrino
Nj ; these coefficient functions are ∼ 100-101. The curves for N`N (MN ) as a function of MN were presented in Ref. [13]
for the case of Majorana neutrinos, and in Ref. [15] for both cases of Dirac and Majorana neutrinos, in the neutrino
mass interval 0.1 GeV < MN < 6.3 GeV.
As mentioned earlier, in addition to the above LNV decay width, there exists also the LNC decay width Γ(B± →
µ±e∓pi±), which in the case of scenario of one on-shell neutrino N coincides with the LNV expression (5). In the
scenario with two on-shell almost degenerate neutrinos Nj , the expression is slightly different from the LNV equation
(13); namely, only the angle θ
(LNV)
21 [Eq. (14)] is now replaced by the following angle:
θ
(LNC)
21 = arg(BµN2)− arg(BeN2)− arg(BµN1) + arg(BeN1). (19)
We will consider, from now on, the case when there is an almost degeneracy of the two heavy neutrinos (|∆MN | 
MN ≡ MN1) and at the same time the degeneracy |∆MN | is significantly larger than the (extremely small) decay
width ΓN :
|∆MN |  MN and |y| ≡ |∆MN |
ΓN
 1. (20)
In this case, we can see from Fig. 3 that the functions δ(y) and η(y)/y become very small. Therefore, the N1-N2
6overlap term in Γ(B± → µ±e±pi∓) becomes negligible. As a result, Eq. (13) reduces to the following form:
Γ(B± → µ±e±pi∓) ≈
2∑
j=1
Γ(B± → µ±Nj → µ±e±pi∓) (21a)
= Γ(B+ → µ+N)Γ(N → e+pi−)
{
1
ΓN1
|BµN1 |2|BeN1 |2 +
1
ΓN2
|BµN2 |2|BeN2 |2
}
. (21b)
The decay width presented hitherto does not contain an important suppression (acceptance) factor. Namely, the
on-shell neutrino Nj travels before decaying. The decay will be detected if the on-shell neutrino decays during the
passage of the neutrino through the detector. If the length of the detector is L, then the probability PN of decay of
N there is
PN (L) = 1− exp
(
− t
τNγN
)
= 1− exp
(
− L
τNγNβN
)
(22a)
≈ L/(τNγNβN ) if PN  1. (22b)
In the second identity of Eq. (22a) we took into account that L = βN t where βN (. 1) is the velocity of the N
neutrino in the lab frame. Furthermore, γN = (1− β2N )−1/2 is the Lorentz lab time dilation factor, typically γN > 2.
The N lifetime in the rest is τN = 1/ΓN . Therefore, γNτN is the N lifetime in the lab frame. The formula (22b)
holds if PN  1, and we will assume this to be the case in the considered cases.
This decay-within-the-detector probability PN has been discussed in Refs. [4, 11–13, 15, 33–35] It is convenient to
define the corresponding canonical, independent of mixing, probability PN
PN (L) = 1m× Γ(MN )
γN
(23a)
⇒ PN (L) ≈
(
L
1m
)
× PN K˜. (23b)
The quantity PN is presented, for γN = 2, in Fig. 4 as a function of MN .
FIG. 4: The canonical probability PN , as defined in Eq. (23), as a function of the neutrino mass MN , with the Lorentz lab
time dilation factor chosen to be γN [≡ (1− β2N )−1/2] = 2.
The effective (true) decay widths and branching ratios are those multiplied by PN . However, since we have two
different (but almost mass degenerate) neutrinos Nj , we have for each of them a different decay probability
PNj (L) ≈
(
L
1m
)
× PN K˜j = L
γN
ΓNj , (24)
7where K˜j is given in Eq. (18), and in the second equality we used the relations (23) and (16). The canonical
probability PN , Eq. (23), is common to both neutrinos Nj because they have practically the same mass and thus the
same kinematics (and hence the same Lorentz factor γN ). The coefficients N`N (∼ 100-101) in K˜j are common to both
neutrinos Nj (because they have a practically equal mass); but the mixings B`Nj can be, in principle, quite different
for the two neutrinos, and thus the two mixing factors K˜j (j = 1, 2) may differ significantly from each other.
Combining the probabilities (24) with the decay width (21b) leads to the effective (true) decay width, where the
dependence on the two decay widths ΓNj cancels out:
Γeff(B
± → µ±e±pi∓;L) ≈
2∑
j=1
Γ(B± → µ±Nj → µ±e±pi∓)PNj (L) (25a)
≈ L
γNβN
Γ(B+ → µ+N)Γ(N → e+pi−) [|BµN1 |2|BeN1 |2 + |BµN2 |2|BeN2 |2] . (25b)
This implies that the effective differential decay, with respect to the distance L between the two vertices of the process,
is
d
dL
Γeff(B
± → µ±e±pi∓;L) ≈ 1
γNβN
Γ(B+ → µ+N)Γ(N → e+pi−) [|BµN1 |2|BeN1 |2 + |BµN2 |2|BeN2 |2] , (26)
which is independent of the distance L.
For the LNC processes B± → µ±e∓pi±, the result is the same as in the above LNV processes, due to the equal-
ity of the LNC decay width (12) with the LNV decay width in (9) and (10) [cf. also Eq. (11)]. Therefore, when
δ(y), |η(y)/y|  1 [i.e., when the conditions (20) hold], we have
d
dL
Γeff(B
± → µ±e∓pi±;L) = d
dL
Γeff(B
± → µ±e±pi∓;L), (27a)
Γeff(B
± → µ±e∓pi±;L) = Γeff(B± → µ±e±pi∓;L). (27b)
The present upper bounds for the |B`Nj |2 mixing coefficients appearing in these expressions, in the considered mass
range MN ≈ 1-5 GeV, are |B`Nj |2 ∼ 10−7-10−4, cf. [8].2
III. THE EFFECTS OF NEUTRINO OSCILLATION
In the previous section, important effects of neutrino oscillation of the propagating on-shell neutrino were not
accounted for. As we will see, these effects lead to a modulation, i.e., the L-dependence of the effective decay widths
obtained in the previous section, where L is the distance traveled by the on-shell neutrino between its production and
detection points (L ≈ βN t).
We will follow the lines of the approach of Ref. [36] to neutrino oscillations. For the LNV decays B+ → µ+Nj →
µ+e+pi− of Fig. 1, the relevant interactions at the first (production) vertex are −B∗µNjµcγη(1 + γ5)NjW
(+)
η , and the
neutrino state produced at this vertex is
|ψ〉(B+) ∼ B∗µN1 |N1(pN1)〉+B∗µN2 |N2(pN2)〉, (28)
where the momenta of the two physical on-shell neutrinos are slightly different from each other, because |∆MN | 6= 0
(we recall that |∆MN | MN ). We have
pNj = (ENj , 0, 0, p
3
Nj ), ENj =
√
M2Nj + (p
3
Nj
)2, (29)
where the restriction to one spatial dimension (zˆ) was made, because the processes with oscillation require the neutrino
to propagate far from the production vertex. At the second vertex of the LNV process Fig. 1, the relevant coupling
is B∗eNjNjγ
δ(1 − γ5)eW (+)δ . The detection of the neutrino there can be described by an operator at the detector
space-time location z = (t, 0, 0, L) where L ≈ βN t. This operator is the annihilation operator B∗eNj bˆ(Nj)(pNj ; z) =
2 The present upper bounds for |BτN |2 are higher than that, but they are expected to become significantly lower in the future.
8B∗eNj bˆ(Nj)(pNj ) exp(−ipNj · z) acting at the aforementioned component |Nj(pNj )〉 ∼ bˆ(Nj)(pNj )†|0〉 (j = 1, 2). Since
bˆ(N)(pN )bˆ(N)(pN )
†|0〉 = const|0〉, this implies the following detection amplitude3:
A(B+ → µ+e+pi−;L) ∼ B∗µN1B∗eN1 exp(−ipN1 · z) +B∗µN2B∗eN2 exp(−ipN2 · z). (30)
The L dependence of the effective (true) decay width of the considered process is proportional to the absolute square
of the above amplitude
d
dL
Γ
(osc)
eff (B
+ → µ+e+pi−;L) ≡ 1
dL
Γ
(osc)
eff (B
+ → µ+e+pi−;L < L′ < L+ dL) ∼ |A(B+ → µ+e+pi−)|2 (31a)
∼

2∑
j=1
|BµNj |2|BeNj |2 + 2Re
[
B∗µN1B
∗
eN1BµN2BeN2 exp [i(pN2 − pN1) · z]
] .(31b)
The superscript (osc) indicates that this is the (differential) effective decay width with oscillation effects included.
The oscillation term, in comparison with expression (26), is new and introduces L-dependence in the otherwise L-
independent differential decay width dΓeff/dL of Eq. (26). This oscillation term comes from the interference term in
the square of amplitude (30). Therefore, by comparing the obtained expression (31) with (26), we can obtain the
complete expression for the effective differential decay width with oscillation effects included
d
dL
Γ
(osc)
eff (B
+ → µ+e+pi−;L) ≈ 1
γNβN
Γ(B+ → µ+N)Γ(N → e+pi−)
×

2∑
j=1
|BµNj |2|BeNj |2 + 2Re
[
B∗µN1B
∗
eN1BµN2BeN2 exp [i(pN2 − pN1) · z]
] .(32)
The oscillation term here contains two on-shell 4-momenta pNj = (ENj , 0, 0, p
3
Nj
) (j = 1, 2) which are related by the
on-shellness conditions pNj · pNj = M2Nj and by the condition
βN2 − βN1 ≡
p3N2
EN2
− p
3
N1
EN1
≈ 0. (33)
This condition comes from the following interpretation. The N1 and N2 amplitudes interfere at L if both of them
are appreciable there. The neutrinos N1 and N2, in general, separate as they travel from their production to their
detection vertex. Interference is then possible there only if this separation |∆L12| ≡ |(βN2 − βN1)|t (with: t ≈ L/βN )
is smaller than the spread of the wave packet ∆Lwp ≡ βN∆T , cf. Ref. [36]
|βN2 − βN1 |
|βN2 + βN1 |
 ∆T
t
( 1). (34)
Stated otherwise, the following hierarchy is assumed:
v2
wpL∆
∆L12
L1v
2N
β
βN1
FIG. 5: Graphical representation of the hierarchy equation (35) of the lengths ∆L12, ∆Lwp and the detector length L. The
two interaction vertices (the production and the decay vertex of the neutrino N) are denoted as v1 and v2, respectively. Note
that at the production vertex (v1) the wave packets of N1 and N2 are not mutually displaced, unlike in the decay vertex (v2).
3 We use the metric (1,−1,−1,−1) for the scalar products. It is our understanding that the authors of Ref. [36] use the metric (−1, 1, 1, 1).
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(
≡ |βN2 − βN1 |L
βN
)
 ∆Lwp (≡ βN∆T )  L, (35)
cf. also Fig. 5.
In order to express the oscillation phase φ(L) ≡ (pN2 − pN1) · z in Eq. (32) [⇔ (34)] in a convenient form, condition
(33) can be used. Since βN2 ≡ p3N2/EN2 and βN1 ≡ p3N1/EN1 are close in value, hence they are close to the value of
βN ≡ (p3N2 + p3N1)/(EN2 +EN1). It can be checked to see that the latter velocity is practically equal to the arithmetic
average (1/2)(βN2 + βN1). Therefore,
z = (t, 0, 0, L) ≈ t(1, 0, 0, βN ) = t
(EN2 + EN1)
(pN2 + pN1) (36)
Therefore, the oscillation phase is [36]
φ(L) ≡ (pN2 − pN1) · z = t
(M2N2 −M2N1)
(EN1 + EN2)
≈ tMN ∆MN
EN
≈ L
βN
MN
∆MN
EN
= L
∆MN
βNγN
, (37)
where it was taken into account that p2Nj = M
2
Nj
, and M2N2 −M2N1 = 2MN∆MN (where ∆MN ≡ MN2 −MN1 and
|∆MN |  MN1 ≡ MN ). As stressed in Ref. [36], this expression for the oscillation angle is valid always, not just for
relativistic neutrinos Nj , whenever relation (34) is fulfilled. For example, if the neutrinos are nonrelativistic, we have
φ(L) ≈ (L/βN )∆MN . The obtained oscillation phase allows us to define the oscillation length Losc as
φ(Losc) = 2pi ⇒ Losc = 2piβNγN
∆MN
. (38)
Using expression (37), the differential decay width (32) can now be written in a more explicit form
d
dL
Γ
(osc)
eff (B
+ → µ+e+pi−;L) ≈ 1
γNβN
Γ(B+ → µ+N)Γ(N → e+pi−)
×

2∑
j=1
|BµNj |2|BeNj |2 + 2|BµN1 ||BeN1 ||BµN2 ||BeN2 | cos
(
L
∆MN
βNγN
+ θ
(LNV)
21
) (39)
where the constant phase θ
(LNV)
21 is defined in Eq. (14). We can integrate the differential decay width (39) over the
dL length to the full length L between the vertices. If L  |Losc|, this then gives the full effective decay width of
Eq. (25b) because the oscillation term ∼ cos(φ(L) + θ12) gives a relatively negligible contribution when integrated
over several “oscillation wavelengths” |Losc|. If, on the other hand, we do not assume L  |Losc|, the integration of
expression (39) gives
Γ
(osc)
eff (B
+ → µ+e+pi−;L) ≈ L
γNβN
Γ(B+ → µ+N)Γ(N → e+pi−)
{ 2∑
j=1
|BµNj |2|BeNj |2
+
Losc
piL
|BµN1 ||BeN1 ||BµN2 ||BeN2 |
[
sin
(
2pi
L
Losc
+ θ
(LNV)
21
)
− sin(θ(LNV)21 )
]}
. (40)
Until now we considered the case of oscillation effects in LNV decays B+ → µ+e+pi−. It can be checked that for the
charge-conjugate LNV decays B− → µ−e−pi+ the previous derivation can be repeated, with the only replacements
B∗`Nj 7→ B`Nj and B`Nj 7→ B∗`Nj . Instead of Eq. (30) we now have
A(B− → µ−e−pi+;L) ∼ BµN1BeN1 exp(−ipN1 · z) +BµN2BeN2 exp(−ipN2 · z). (41)
This implies that in result (39) we now get θ21 7→ −θ21, so that we can extend the results (39) and (40) to both LNV
cases (B±)
d
dL
Γ
(osc)
eff (B
± → µ±e±pi∓;L) ≈ 1
γNβN
Γ(B+ → µ+N)Γ(N → e+pi−)
×

2∑
j=1
|BµNj |2|BeNj |2 + 2|BµN1 ||BeN1 ||BµN2 ||BeN2 | cos
(
2pi
L
Losc
± θ(LNV)21
) , (42)
10
Γ
(osc)
eff (B
± → µ±e±pi∓;L) ≈ L
γNβN
Γ(B+ → µ+N)Γ(N → e+pi−)
{ 2∑
j=1
|BµNj |2|BeNj |2
+
Losc
piL
|BµN1 ||BeN1 ||BµN2 ||BeN2 |
[
sin
(
2pi
L
Losc
± θ(LNV)21
)
∓ sin(θ(LNV)21 )
]}
. (43)
For the LNC processes B± → µ±e∓pi± (cf. Fig. 2), in the case of no oscillation effects the results for the decay
widths are the same as for the LNV processes; cf. Eqs. (25)-(27). When oscillations are accounted for, the results are
almost the same as in the just considered LNV processes, except that for the decay amplitudes [cf. Eqs. (30) and (41)
for LNV case] we have some of the heavy-light mixing elements B`Nj complex-conjugated and others not
A(B+ → µ+e−pi+;L) ∼ B∗µN1BeN1 exp(−ipN1 · z) +B∗µN2BeN2 exp(−ipN2 · z), (44a)
A(B− → µ−e+pi−;L) ∼ BµN1B∗eN1 exp(−ipN1 · z) +BµN2B∗eN2 exp(−ipN2 · z). (44b)
This then leads to the following results, in analogy with the LNC results (42)-(43) where now only the phase angle
θ
(LNV)
21 gets replaced by a different phase angle θ
(LNC)
21 given in Eq. (19):
d
dL
Γ
(osc)
eff (B
± → µ±e∓pi±;L) ≈ 1
γNβN
Γ(B+ → µ+N)Γ(N → e+pi−)
×

2∑
j=1
|BµNj |2|BeNj |2 + 2|BµN1 ||BeN1 ||BµN2 ||BeN2 | cos
(
2pi
L
Losc
± θ(LNC)21
) ,(45)
Γ
(osc)
eff (B
± → µ±e∓pi∓;L) ≈ L
γNβN
Γ(B+ → µ+N)Γ(N → e+pi−)
{ 2∑
j=1
|BµNj |2|BeNj |2
+
Losc
piL
|BµN1 ||BeN1 ||BµN2 ||BeN2 |
[
sin
(
2pi
L
Losc
± θ(LNC)21
)
∓ sin(θ(LNC)21 )
]}
. (46)
All the formulas with oscillation effects, derived in this section, can be extended in a straightforward way to the
oscillation effects in the semihadronic decays with two equal flavors of produced charged leptons, i.e., M± → `±`±M ′∓
and M± → `±`∓M ′±; more specifically, B± → µ±µ±pi∓ and B± → µ±µ∓pi± (cf. Sec. V).
In Appendix we show that the wave function approach of Ref. [37] (cf. also [38]) to the considered LNV and LNC
processes with on-shell neutrinos is consistent, within their approximations, with the amplitude approach presented
here and based on the method of Ref. [36].
A question may appear why the usual (S-matrix) approach, leading to the results of the Sec. II, did not give
the modulation (oscillation) effects obtained in this section. The x-coordinates of fields are integrated over in the
S-matrix approach of Sec. II, reflected by the use of initial and final states with definite momenta (δp = 0). The
uncertainty relation implies then δx =∞. Therefore, the location of the vertices remained undefined in the approach
of the previous section. On the other hand, if the location of the vertices is to be determined in an experiment by
precision δx(= δL) ∼ 0.1 mm or better, then the corresponding precision in the determination of the momenta is
δp & 1/δx ∼ 10−4 eV.
IV. OSCILLATION LENGTH AND MEASUREMENT OF THE MODULATION
For the described oscillation modulation to be well defined and detectable, several conditions have to be fulfilled.
Among them is the hierarchy (35) between the length L (the distance between the production and the decay vertices),
the width Lwp of the wave packet, and the separation ∆L12 between the two wave packets at the second vertex
(cf. Fig. 5 and Ref. [36]). Yet another necessary condition for the detection of the oscillation is that the maximal
detected length L between the two vertices (we will call it simply the total detector length, Lmax ≡ Ldet) is larger
than or comparable with the oscillation length |Losc| [Eq. (38)]. For the measurement of the oscillation modulation
effects in practice, the case |Losc| ∼ Ldet is more convenient than |Losc| < Ldet, i.e.,
|Losc|
(
≡ 2piβNγN|∆MN |
)
∼ Lmax (≡ Ldet). (47)
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TABLE I: Presently known upper bounds for the squares |B`N |2 of the heavy-light mixing matrix elements, for various specific
values of MN . We excluded the upper bounds for BeN |2 from the 0νββ decay, which are uncertain due to possible cancellation
effects. See also Figs. 3-5 of Ref. [39]. For each upper bound, the corresponding experiment (reference) is indicated.
MN [GeV ] |BeN |2 |BµN |2 |BτN |2
1.0 3× 10−7 ([40]) 1× 10−7 ([41]) 3× 10−3 ([42])
2.1 4× 10−5 ([42]) 3× 10−5 ([43]) 2× 10−4 ([42])
3.0 2× 10−5([42]) 2× 10−5([42]) 4× 10−5([42])
4.0-5.0 1× 10−5 ([42]) 1× 10−5 ([42]) 1× 10−5 ([42]
Furthermore, if the decay probability PNj (Ldet) for the decay of Nj (j = 1, 2) within the detector [Eqs. (22) and
(24)] is significant, i.e., if PNj (Ldet) ∼ 1, then the oscillation is not well defined because it disappears within one
or less oscillation cycle due to the decay of Nj . Therefore, for the oscillation to be well defined, we have to require
PNj (Ldet) 1. This means, according to Eq. (22b) and using Eq. (47), the following:
(|Losc| ≡) 2piβNγN|∆MN | ∼ Ldet 
βNγN
ΓNj
. (48)
This implies that we have 1/|∆MN |  1/ΓNj (j = 1, 2), meaning that the condition |y|(≡ |∆MN |/ΓN )  1 of
Eq. (20) is fulfilled when we have well-defined and detectable oscillation.4 We recall that this condition (|y|  1)
was assumed throughout the derivation of the oscillation formulas of the previous section so that the (otherwise
problematic) overlap terms with δ(y) and η(y)/y factors in expression (13) could be neglected.
The oscillation length can be estimated in the following way. Let us assume that the near mass degeneracy (y  1)
is in the interval: 1 |y|(≡ |∆MN |/ΓN ) . 102, i.e.,5
|∆MN | . 102ΓN . (49)
Furthermore, let us take that in the total decay widths ΓNj , Eqs. (16)-(18), the dominating contribution in the mixing
factors K˜j is from `-component, i.e., K˜j ≈ N`N |B`Nj |2 (j = 1, 2; ` = e or µ or τ). Stated otherwise, we assume that
|B`Nj |2 is the largest among the mixings |BeNj |2, |BµNj |2 and |BτNj |2. Then, we have
ΓNj =
(N`N
10
)
×
( |B`Nj |2
10−5
)
× 4.57× 10−18 GeV
=
(N`N
10
)
×
( |B`Nj |2
10−5
)
× 1
43.5 m
. (50)
For MN = 1-5 GeV, and taking N to be Majorana neutrino, we have NeN ≈ NµN ≈ 6-10, and NτN ≈ 3-5
(cf. Refs. [13, 15]); hence, the factor N`N/10 in Eq. (50) is ∼ 1. The factor |B`Nj |2/10−5 in Eq. (50) can be ∼ 1, or
larger or smaller; cf. Table I for some present upper bounds. The oscillation length (38) can then be estimated
|Losc| = 2pi|~pN |
MN |∆MN | &
|~pN |
MN
2pi
102ΓN
∼ |~pN |
MN
1
10ΓN
(51a)
∼ |~pN |
MN
1
10
×
(
10
N`N
)
× 2× 10
−5
(|B`N1 |2 + |B`N2 |2)
× 5× 101 m ∼ |~pN |
MN
10−4
|B`Nj |2
m ∼ 10
−4
|B`Nj |2
m. (51b)
In estimate (51a) we assumed inequality (49), and in estimate (51b) we took into account relation (50), as well
as identity (15) for ΓN ; at the end, we assumed that the produced on-shell neutrinos Nj are semirelativistic, i.e.,
|~pN | ∼ MN (∼ 1 GeV). Using estimate (51b) and recalling that |B`Nj |2 is the largest among the mixings |BeNj |2,
|BµNj |2 and |BτNj |2, we can see from Table I that for MN = 1-5 GeV we can take |B`Nj |2 = |BτNj |2, whose upper
bounds are given in the right column of Table I. This implies that, at present, we can expect the values Losc ∼ 0.1-10
m for the oscillation length. Of course, implicitly we assumed that the energies of the (B or Bc) mesons, which decay,
are not very high so that the assumption |~pN | ∼MN would be justified. If |Losc| > 10 m, we would need quite a large
detector, cf. Eqs. (47) and (48).
4 ΓN ≡ (1/2)(ΓN1 + ΓN2 ) according to definition (15).
5 We do not want to have |y| > 102 because the CP violation effects are then very suppressed [13].
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If we have |Losc| ∼ 0.1-1 m (∼ Ldet), our formulas (42)-(43) for LNV decays and (45)-(46) for LNC decays indicate
that such oscillations can be detected and measured, once a sufficient number of such decays is detected, with the
first (production) and the second (decay) vertices being within the detector. In this way, the oscillation length
Losc ∝ 1/∆MN could be determined, and thus the mass difference ∆MN (MN ).
It is also interesting that these formulas indicate that in such a case the phases θ
(LNV)
21 and θ
(LNC)
21 could be measured
as well. These phases could be determined, for example, by comparing the modulation of the measured differential
effective decay widths dΓ
(osc)
eff (B
±;L)/dL for the B+ and B− decays into µepi, because the phase difference between
the two oscillatory modulations is 2× θ21; cf. Eq. (42) for the LNV and Eq. (45) for the LNC case. The factor sin θ21
appears in the CP asymmetry factor ACP ∝ sin θ21 for these processes. For example, this asymmetry for the LNV
case is
A(LNV)CP (B) ≡
Γ(B− → µ−e−pi+)− Γ(B+ → µ+e+pi−)
Γ(B− → µ−e−pi+) + Γ(B+ → µ+e+pi−) (52a)
∝ P sin θ(LNV)21
y
y2 + 1
, (52b)
where y ≡ ∆MN/ΓN [cf. notation (15)], and factor P ∼ 1 depends principally on the ratios of mixings |B`N2 |/|B`N1 |
(` = µ, e) and ratio K˜1/K˜2 [cf. notation (18)]. This factor ACP can be substantial if y ≡ ∆MN/ΓN is not too small
in absolute value, e.g. if |y| ∼ 10. We refer to Refs. [13, 15] for more details on this. An interesting aspect here is
that, by the described measurement of the angle θ21 we could conclude that the CP asymmetry ACP is nonzero even
in the case when |y|  1, i.e., when this asymmetry is practically unmeasurable.
dΓeff
(osc)/dL
0 LL
L
max
osc| |
FIG. 6: Graphical schematical representation of the differential decay rate dΓ
(osc)
eff (B → µepi;L)/dL, cf. Eqs. (42) and (45).
The differential decay width dΓ
(osc)
eff (B → µepi;L)/dL of Eqs. (42) and (45) is presented schematically in Fig. 6,
where L is the distance between the two vertices and Lmax = Ldet. In order to interpret how to measure this differential
decay width, we recall that this quantity is the limit (1/∆L) × Γ(osc)eff (B → µepi;L < L
′
< L + ∆L) when ∆L → +0
(i.e., ∆L  |Losc|), and here L′ is the distance between the production (µ-Nj) and the decay (Nj-e-pi) vertex. To
measure such a quantity, a sufficiently high number of events for each chosen bin L < L′ < L+ ∆L would have to be
measured (with ∆L |Losc| and L ≤ Ldet).
There may exist another complication in such measurements. Namely the length Losc can vary in the detected
events of the considered decays because Losc ∝ βNγN ∝ |~pN | ≡ |~pe + ~ppi|. In principle, the 3-momentum ~pN ≡ ~pe + ~ppi
can be measured in each such decay, i.e., Losc can be determined in each such event. The graphical representation
Fig. 6 refers to a class of events which, among themselves, have approximately equal value of Losc, i.e., approximately
equal |~pN |. If the decaying B± (or B±c ) mesons were at rest in the lab frame, then the value of |~pN | is such a frame
would be fixed by kinematics, namely
|~p(0)N | =
1
2
MB λ
1/2
(
1,
M2N
M2B
,
M2µ
M2B
)
, (53)
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where notation (6b) is used.
In reality the B mesons coming into the detector have energies EB > MB . Let us assume that the incoming B
mesons in the lab frame have all approximately the same 3-momentum ~pB = |~pB |zˆ parallel to the direction zˆ of the
tube of the detector where both vertices are detected, and that the detector tube is relatively narrow. Then the vector
~pN in the detected events is the 3-momentum which can be obtained from ~p
(0)
N = |~p(0)N |zˆ [cf. Eq. (53)] by a constant
boost in the direction −zˆ, bringing us from the B rest frame into the lab frame where B’s have the (approximately)
constant 3-momentum |~pB |zˆ. Thus the lab 3-momentum ~pN = |~pN |zˆ is approximately constant also in such a case.
In such a case Losc would be approximately the same for all the detected events B → µN → µepi in the tube, and the
oscillation modulation indicated in Fig. 6 could be measured, including the phase θ21 relevant to CP violation.
V. DETERMINATION OF THE HEAVY-LIGHT MIXING COEFFICIENTS |B`Nj |2.
Measurement of the differential effective decay widths dΓ
(osc)
eff (B
±;L)/dL can also lead to determination of the
absolute values |B`N1 | and |B`N2 | of the heavy-light mixing coefficients. For example, for determination of |BµNj |
(j = 1, 2) it is convenient to consider the decay widths for the semileptonic LNV decays B± → µ±µ±pi∓ (and/or for
the LNC variant)
d
dL
Γ
(osc)
eff (B
± → µ±µ±pi∓;L) ≈ 1
γNβN
Γ(B+ → µ+N)Γ(N → µ+pi−)
×
{
|BµN1 |4 + |BµN2 |4 + 2|BµN1 |2|BµN2 |2 cos
(
2pi
L
Losc
± φ(LNV)21
)}
, (54)
where φ
(LNV)
21 = 2arg(BµN2)−2arg(BµN1), in analogy with the µe case Eq. (14). Expression (54) differs from expression
(42) only by the replacements e 7→ µ (and θ21 7→ φ21). In the case of B± → µ±µ±pi∓, the symmetry factor (1/2!)
due to two identical muons in the final state gets canceled by the factor 2 coming from the inclusion of the square
of the crossed channel amplitude, cf. Ref. [13]. The crossed channel amplitude in the decay B± → µ±e±pi∓ did not
enter because it represents a different (distinguishable) process once the two vertices are identified and localized in the
experiment. Stated otherwise, the processes B± → µ±N → µ±e±pi∓ and B± → e±N → e±µ±pi∓ are distinguishable
once the vertices are identified.
Measurement of the average (over L) 〈dΓ(osc)eff /dL〉 and of the modulation amplitude ∆(dΓ(osc)eff /dL) determines the
quantities (see also Fig. 6)
|BµN1 |4 + |BµN2 |4 ≡ 〈F 〉, 2|BµN1 |2|BµN2 |2 ≡ ∆F, (55)
respectively. Let us denote as N1 the neutrino with larger mixing element (|BµN1 | > |BµN2 |).6 Then the heavy-light
mixing coefficients |BµNj |2 (j = 1, 2) are determined as well
|BµN1 |2 =
1
2
(√
〈F 〉+ ∆F +
√
〈F 〉 −∆F
)
, (56a)
|BµN2 |2 =
1
2
(√
〈F 〉+ ∆F −
√
〈F 〉 −∆F
)
, (56b)
VI. CONCLUSIONS
In this work we considered the phenomenon of neutrino oscillations in semileptonic decays of B mesons via on-shell
heavy nearly mass-degenerate Majorana neutrinos Nj (j = 1, 2): the lepton number violating (LNV) decays B
± →
µ±Nj → µ±e±pi∓, and the lepton number conserving (LNC) decays B± → µ±Nj → µ±e∓pi±. Since the neutrinos
contributing to such decays have to be on shell (the off-shell neutrinos give completely negligible contributions), the
relevant flavor analogs are not νµ and νe [Eq. (1)], but the truncated combinations N1 and N2 [Eqs. (2) and (3)],
which are combinations of only the heavy mass neutrinos N1 and N2. The central results of the work are Eqs. (42) and
(45) for the LNV and LNC differential effective decay rates dΓ
(osc)
eff (L)/dL. These quantities must be interpreted as
6 We have the freedom to do that, because the formulas are symmetric under the exchange N1 ↔ N2 (i.e., φ21 7→ −φ21; ∆MN 7→ −∆MN ,
Losc 7→ −Losc).
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(1/∆L)× Γ(osc)eff (L < L′ < L+ ∆L), where L′ is the measured distance between the production vertex (µ-N) and the
decay vertex (N -e-pi), and ∆L is considerably smaller than the oscillation length |Losc| ≡ 2pi|~pN |/(MN |∆MN |). Here,
~pN is the (approximately constant) 3-momentum of the intermediateNj ’s, and mass quantities are ∆MN ≡MN2−MN1
where |∆MN |  MN1 ≡ MN . We argued that it is possible to have |Losc| ∼ 0.1-10 m if the 3-momenta ~pB and
thus ~pN are not too large. If the detector length is comparable with |Losc|, and a sufficient number of mentioned
decays is detected, we argued that it will be conceivable to measure the L-dependence of the differential decay width
dΓ
(osc)
eff (L)/dL, i.e., the oscillation modulation effects. By measuring these effects, the value of Losc could be discerned
and thus the value of the mass difference ∆MN . Moreover, by measuring such effects it would be possible to discern
the phase θ21 [cf. Eq. (14) and (19)], which plays an important role in the CP violation. In addition, magnitudes
|B`N1 | and |B`N2 | (` = µ, e) of the heavy-light mixing coefficients could be measured.
In all the presented formulas, we can replace the initial meson B± by any other heavy pseudoscalar meson (such
as B±c , D
±
s , B
±), and final meson pi± by any other lighter meson (such as K±, D±, D±s ). This is performed by simply
replacing everywhere the meson masses, the decay constants and the CKM elements accordingly [cf. Eqs.(6), etc.].
Among the initial mesons, those which can be copiously produced are evidently preferred. Additionally, those with
higher mass are preferred because then the masses MN of the on-shell neutrinos can be larger; thus, the probability
for the decay within the detector, PN (L), can be more significant. Also, the preferred initial mesons are those which
have less CKM suppression, i.e., whose CKM element |VQuQd | in Eq. (6a) is not too small. Therefore, the preferred
initial mesons M± are, in general, D±s (|Vcs| ≈ 1 and MDs = 1.97 GeV) and B±c (|Vcb| ≈ 0.04 and MBc = 6.28 GeV),
but not necessarily B± (|Vub| ≈ 0.004 and MB = 5.28 GeV).
Furthermore, as shown in Sec. V, the obtained formulas can be extended in a straightforward way to the decays in
which the two charged leptons are equal, i.e., M± → µ±Nj → µ±µ±pi∓ and M± → µ±Nj → µ±µ∓pi±.
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Appendix A: The quantum mechanics approach to oscillation
In this appendix, we show that the amplitude approach to on-shell oscillations in the considered processes, as
presented in the main text of this work and following mainly the amplitude approach of Ref. [36], is consistent with
the usual (quantum mechanics) approach to neutrino oscillation [37] (cf. also [38]) applied to these processes (within
the approximations used in such approaches).
We recall that the relevant e- and µ-flavor analogs in the considered processes are the combinations (3a) of only
the two almost mass-degenerate heavy neutrino eigenfields Nj (j = 1, 2), because the other components (including
the light neutrino mass eigenfields ν1, ν2, ν3) are off shell or are assumed to be off shell in the considered processes.
Following the usual (quantum mechanics) approaches to neutrino oscillation, cf. [37] (cf. also [38]), the e and µ heavy
flavor analogs Nα (α = 1, 2) of the heavy neutrino mass eigenstates Nj (j = 1, 2) [cf. Eq. (2)] are represented as
quantum mechanical states [cf. Eq. (3a) for the corresponding fields]
|Nα〉 = B∗α1|N1〉+B
∗
α2|N2〉, (A1a)
|Nα〉 = Bα1|N1〉+Bα2|N2〉 (α = 1, 2), (A1b)
where in Eq. (A1b) we assume that the physical neutrinos Nj are Majorana. Here, we use notation (3b) for the 2× 2
matrix B with normalized lines. In the wave function approach [37], these wave functions are in the Schro¨dinger
representation and, consequently, have the following evolution in time t:
|Nα(t)〉 =
2∑
j=1
B
∗
αj exp(−iEjt)|Nj〉 =
2∑
β=1
2∑
j=1
B
∗
αj exp(−iEjt)
(
B
∗−1)
jβ
|Nβ〉, (A2a)
|Nα(t)〉 =
2∑
j=1
Bαj exp(−iEjt)|Nj〉 =
2∑
β=1
2∑
j=1
Bαj exp(−iEjt)
(
B
−1)
jβ
|N β〉, (A2b)
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where we recall notation (3b) used for the 2× 2 matrix B, and the inverse matrix is, consequently,
B
−1
=
1
DetB
[
B22 −B12
−B21 B11
]
, (A3)
and B
∗−1
is the complex conjugate of this. In Eq. (A2) the notation Ej ≡ ENj is used for the energy of the neutrino
mass eigenstate |Nj〉, where ENj is given in Eq. (29). The states |Nj〉 (j = 1, 2) are orthogonal to each other
〈Nj |Nk〉 = δjk. (A4)
We note that the 2×2 matrix B matrix, Eq. (3b), although having its two lines normalized, is, in general, not unitary,
and therefore
〈N1|N2〉 =
∑
B1jB
∗
2j 6= 0, 〈N1|N 2〉 =
∑
B1jB2j 6= 0, (A5)
i.e., the states of the heavy flavor analogs, |Nα〉 and/or |N β〉, are, in general, not mutually orthogonal. As a
consequence of Eqs. (A4) and (3), these flavor analogs are normalized states
〈N1|N1〉 = 〈N2|N2〉 = 1 = 〈N 1|N 1〉 = 〈N 2|N 2〉. (A6)
In the LNC decay B+ → µ+e−pi+, Fig. 2, the neutrino flavor state produced in the first (production) vertex is |N2〉,
and the state disappearing at the second (decay) vertex is |N1〉, cf. Fig. 7. Therefore, the relevant oscillation amplitude
in this decay is 〈N1|N2(t)〉.
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FIG. 7: The LNC decay B+ → µ+e−pi+: at the production vertex, the |N1〉 state is produced; at the decay vertex, the |N2〉
state is absorbed.
Using relations (A2a), (A5) and (A6), we obtain7 the following expression for the relevant oscillation amplitude
〈N1|N2(t)〉:
〈N1|N2(t)〉 =
{
exp(−iEN1t)B
∗
21
[(
B
∗−1)
11
+
(
B
∗−1)
12
(
B11B
∗
21 +B12B
∗
22
)]
+ exp(−iEN2t)B
∗
22
[(
B
∗−1)
21
+
(
B
∗−1)
22
(
B11B
∗
21 +B12B
∗
22
)]}
(A7a)
=
1
DetB
∗ ×
{
exp(−iEN1t)B
∗
21
[
B
∗
22 −B
∗
12
(
B11B
∗
21 +B12B
∗
22
)]
+ exp(−iEN2t)B
∗
22
[
−B∗21 +B
∗
11
(
B11B
∗
21 +B12B
∗
22
)]}
(A7b)
Transforming Eq. (A7a) into Eq. (A7b), we use for B
∗−1
the complex conjugate of identity (A3). In this quantum
mechanics approach, the terms in Eq. (A7) with exp(−iENj t) correspond to the terms exp(−ipNj · z) of the corre-
sponding amplitude A(B+ → µ+e−pi+) in Eq. (44a). If the two approaches are to be consistent with each other, then
the ratio of the coefficients at exp(−iEN1t) and exp(−iEN2t) in Eq. (A7b) is equal to the ratio of the coefficients at
7 The algebra is performed in analogy with the usual quantum mechanics approach to light neutrino oscillations [37], except that now
we have, in general, the nonorthogonality of the two flavor states Eq. (A5).
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exp(−ipN1 · z) and exp(−ipN2 · z) in Eq. (44a). This means that, for consistency, we need to have8
B
∗
22 −B
∗
12
(
B11B
∗
21 +B12B
∗
22
)
−B∗21 +B
∗
11
(
B11B
∗
21 +B12B
∗
22
) = B11
B12
. (A8)
By direct cross-multiplication, it is straightforward to check that this identity really holds. In checking this identity,
it is enough to use only the normalization of the lines of the B matrix, Eq. (3b): |B11|2 + |B12|2 = 1.
In an analogous way, we can check that this quantum mechanics approach is consistent with the amplitude approach
of the main text in the other cases:
• In the LNC case B− → µ−e+pi−: in the explanation above (Fig. 7), the states |N2〉 and |N1〉 get replaced by
|N 2〉 and |N 1〉; cf. Eq. (A1).
• In the LNV case B+ → µ+e+pi−: in the explanation above (Fig. 7), the state |N1〉 gets replaced by |N 1〉;
cf. Eq. (A1).
• In the LNV case B− → µ−e−pi+: in the explanation above (Fig. 7), the state |N2〉 gets replaced by |N 2〉;
cf. Eq. (A1).
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